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Abstract--The motion of a linear vibrating string, or rod, fixed in one point and free to slide on 
a vertical guide in the other one, is studied. Only transversal vibrations are considered. The  motion 
is simulated by a discrete conservative model. In order to prove that the total energy is conserved, a 
matrix form of the potential and kinetic energy is used. The same technique may be used to simplify 
the proof of energy conservation theorem given by the authors in a previous paper. 
The  numerical method related to the model turns out to be unconditionally stable. Some examples 
of the motion simulated by the model are given. 
Keywords--Dif ferent ial  equations, Difference quations, Discrete models, Conservative models, 
Linear elasticity. 
1. INTRODUCTION 
In this paper, we want to extend the discrete model, proposed in [1] for the study of a string 
or rod fixed at the end points, in order to study the transversal vibrations of a linear vibrating 
string, or rod, free to move vertically only at one end point. Indeed we assume that, in this end 
point ("free point"), the string, or rod is tied to a little ring which can run, without friction, on 
a vertical guide. We assume the string to be fixed, or the rod to be clamped, at the other end 
point ("fixed point"). 
A compact definition of the total energy allows us to prove synthetically that the discrete model 
is conservative. The above definition turns out to be suitable for proving conservation energy 
theorems concerning the solutions of difference systems arising from a wide class of discrete 
models. 
In Section 2, we introduce the discrete string, or rod, we present he discrete models and we 
give the difference systems to which we are led from the models. In Section 3 we define, in a 
suitable matrix form, the total energy for the string and the rod, in dependence on the considered 
internal and external forces and on the boundary conditions. In virtue of such a definition, we 
may prove that the solutions of the difference systems which arise from our discrete models verify 
the total energy conservation theorem. Such a proof may be extended to a wide class of problems. 
Finally, we show that the solutions of these systems are unconditionally stable. In Section 4, we 
present some numerical results obtained by using the model considered in Section 2. 
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2.  THE D ISCRETE MODELS 
As done in previous papers (see, e.g., [2-4]), a discrete string (or rod) is modeled by a set 
of n + I particles Po ,P1 , . . . , Pn  with centers Co, C1 , . . . ,Cn .  The particles P1, . . . , Pn -1  have 
mass mi = m while Po and P,  have mass mo =mn = m/2. We assume P0 to be fixed while 
P1, P2, . . . ,  Pn are free to move in the xy plane vertically only (transversal vibrations). Defined 
PLk = (xi, yi,k), the position of Ci at time tk, with tk = kAt,  k = O, 1 , . . . ,  and Ax  = x~ - xi-1, 
i = 1, 2 , . . . ,  n, we use the following formulas in order to link position, velocity, and acceleration 
of P~ at time tk [1] 
1 l (v i ,k+l + v ,k) =  (yi,k+l - 
(1) 
- = 
Given the initial position and velocity, the motion of the string, or rod is, Vtk, completely 
determined by the relation 
Fi,k = rniai,k, i = 1, 2 , . . . ,  n, V k, (2) 
where Fi,k is the total force acting on P~ at time tk. 
Different choices of the total force F~,~ in (2), lead to different models of the motion of the 
particles P~. 
As done in previous works (see [3-5]), we consider as external force the gravity g only and 
as internal forces the tension Ti,k and the bending moment Mi,k (the last one vanishes for the 
string). 
We assume 
Ti,k = T+i,k - Ti:k = KL  %lAx2 + (Yi+l,kAx -- Y~'k)2 -- KL  ~/Ax2 + (Yi,kAx -- Yi-l 'k)2 ' 
where 
(3) 
= _M +- +M~+k -M -+ Mi,k Mi.k i,k i,k , (4) 
LC 
Mi-+ = AX 
M +-  i,k --~ 
M + i,k = 
Mi :  k = 
Oi+l,k -- ~i,k 
~/ Ax2  -{- (Yi+ l,k -- Yi,k ) 2' 
LC  Oi-l,k -- Oi-2,k 
AX ~/AX 2 + (Yi,k -- Y i - l ,k)  2' 
LC O~,k - -  O i - l , k  
Ax x /Ax2 + (y +x,k - y ,k) 2' 
LC Oi,k -- Oi-l,k 
AX  ~/Ax2 + (Yi,k - -  Yi - l ,k )  2" 
(s) 
We remark that, because we are simulating a rod by using an one-dimensional model, we have 
simulated the action of the bending moment through the four forces in (4). 
We also remark [6] that, as shown in Figure 1, the forces M+~ and M~. k try to align the particles 
P~-I, Pi, and P~+I, while the forces -Mi+k - and -Mi. + try to align the particles Pi-2, Pi-1, Pi, 
and the particles Pi, P~+I, P~+2, respectively. 
2.1. The Difference System for the String Free in the Right End Point  
Now we define, for the string, the total force F~,k as [I] 
Fi,k = ~1 (Ti,k + T~,k+l) + rag, i = 1, 2, . . . ,  n, (6) 
with T~,k defined by (3) for i = 1, 2,..., n - i. 
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Figure 1. 
In order to take into account the constraint in x0, we set Yo,k = 0, Vk. For the last particle pn, 
we define the tension in (6) for i = n as Tn,k = T~,k and Tn,k+l = T~,k+ 1 because we have no 
particles in the right site of Pn (remark that  the action-reaction principle is saved). 
We point out that  Pn is free to move vertically only, due to the action of the guide, (if we 
remove this "constraint" the problem is meaningless). 
From (1),(2), with Fk defined by (6), we obtain the difference system 
m 
2~x[(y i+l ,k+l  + Yi+t,k) - 2(yi,k+l + Yi,k) + (Yi- l ,k+t + Yi-l,k)] = -~(Vi ,k+l  -- vi,k) + rag, 
(i = 1 ,2 , . . . ,n - -  1), 
To [-(Yn,k+l m 2-~x + Yn,k) + (Yn-i,k+l + Yn-i,k)] = ~-~(v,~,k+l -- Vn,k) + rag, (7) 
1 
l (vi,k+l + ?)i,k) = "~(Yi ,k+l  -- Yi,k), 
(i = 1,2 . . . .  ,n).  
I f  we define, with obvious meaning of the symbols, y~ = [Yi,k,Y2,k,...,Ynk], v x = [vi,k, 
V2,k, • • • , Vnk], Z_: .~_ t~k[" T ,--k vTll, - eT = [1, 1, . . . ,  1], _0 T = [0, 0, . .  . , 0], _W T : [ge T,_ _0T], and 
A = i , B --- 1 ' (8 )  
with 
[ 2 -I 0 ...... ] 
2Ax 2AX c * [ -1  2 -1  . . . . . .  ] 0 -1  2 - i  . . .  , 
then equations (7) may be written, in a matr ix  form, as 
Az_k+ i = Bz  k + row. 
2.2. The  D i f fe rence  System for  the  Rod  F ree  in the  R ight  End  Po in t  
For the rod, we define the total  force acting on particle Pi,k as 
1 T 1 F~,k = ~( ~,~+T~,k+i )+-~(M~,k+Mi ,k+i )+rng ,  i = 1 ,2 , . . . ,n ,  
(9) 
(I0) 
(ii) 
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with Ti,k and Mi,k defined as in (3) and (4) for i = 1,2, . . .  ,n -  1. We assume again Yo,k = O, Vk 
in order to state that the rod is fixed in x0. In order to take into account hat the rod is clamped 
in xo, we have doubled the force M~ and, in the definition of M~k, we have taken 8-1 = 0. 
(This turned out to be a good choice in order to simulate the constraint [6].) 
For the last particle Pn, we define in (6) the tension as Tn,k = T~,,k (as done for the string), 
while for the moment Mn,k, we define Mn,k = M+k because we have no particles on the right 
of pn. 
From (1),(2), with F~,k defined by (11), and taking into account he modifications due to the 
boundary conditions, we obtain the difference system: 
To [(Yi+l,k+l -t- Yi+l,k) -- 2(yi,k+1 + Yi,~) + (Yi-l,k+l + Yi-l,k)] 
2Ax 
LC 
+ ~[ ( -Y i+2,k+l  + 4yi+l,k+l -- 6y~,k+l + 4yi-l,k+l -- Yi-2,k+l) 
+ (--Yi+2,k + 4yi+l,k -- 6yi,k + 4yi-Lk -- Yi-2,k)] 
m 
=-'~(vi,k+l--Vi,k) Tmg,  (i = 1 ,2 , . . . ,n -  2), 
To [(Yn,k+l + Yn,k) -- 2(yn-l,k+l + Yn-l,k) + (Yn-2,k+l + Yn-2,k)] 2Ax 
LC 
+ 2--~x3 [(2yn,k+1 -5yn- l , k+ l  + 4Yn-2,k+1 --Yn-3,k+l) 
+ (2yn,k -- 5yn-l,k + 4yn-2,k -- Yn-a,k)] 
m 
---- ~-~(Vn- l , k+ l  - -  Vn-l,k ) -I- mg, 
To [--(Yn,k+l + Yn,k) + (Yn-l,k+l + Yn-l,k)] 
2Ax 
LC 
+ 2--~x3 [(--yn,k+l + 2y~-1,~+1 -- Yn-2,~+l) 
+ (--Yn,k + 2yn-l,k -- Yn-2,k)] 
m 
---- ~-~(vn,k+l -- vn,k) + rag, 
1 
l (vi,k+l + Vi,k) = "~(Yi,k+l --Yi,k), (i = 1 ,2 , . . . ,n ) ,  
which, with the same definitions given in Section 2.1, with 
where C* is defined in (9) and 
2Ax 3 
LC C**= 
Cn C~ ** = +C~,  
7 -4  1 0 . . . . . .  0" 
-4  6 -4  1 . . . . . .  0 
. . . . . . . . .  . . . . . . .  * *  . . .  
. . .  1 -4  6 -4  1 . . .  
. . .  . . . . . . . . . . . . . . . . . .  
o . °  **°  1 
. . . . . . . . .  
may be again written in the form (10). 
3. ENERGY CONSERVATION AND 
-4  5 -2  
1 -2  1 
STABIL ITY  THEOREMS 
(12) 
(13) 
(14) 
In this section, by giving a suitable compact matrix definition of potential and kinetic energy, 
we prove that the solutions of the discrete schemes defined in Section 2 verify the total energy 
conservation law. Moreover the discrete scheme (10) with A and B defined by (8) and Cn defined 
by (9) or (13) is unconditionally stable. 
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3.1. Energy Conservation Theorems 
For the free vibrating string, the tension force being given by (3), we define the "internal 
energy" at time tk as 
E s r C* =-Yk nYk, (15) 
with C~ given by (9). 
Then, with the same notations given in Section 2.1, the total energy of the string at time tk is, 
1 T Es, k = Es  + ~ mvk vk -mge-T[se -  Yk]' (16) 
where s is the ground line in the xy plane. 
The equation (16) may be written in the compact form 
EST, k = z__~g* zk + Pk, (17) 
where [?0] 1 H* = m i , Pk = -mge T se_ - Y--k " (18) 
2 n 
For the free vibrating rod, the bending force being simulated by (4), we may define the "internal 
energy" at time tk as 
E~ = y~ C*Y_k + y_~ C~*yk, (19) 
with C~* given by (14). So, for the total energy, we have 
1 T ETn, k = EkR + ~nvk vk -- mge-T[se- Yk]" (20) 
The equation (20) may be written in the compact form 
E~k = z_~gzk + Pk, (21) 
where 
H = m • (22) 
0 ~In 
We remark that in (17) and (21) the first term in the right-hand side takes into account he 
kinetic energy and the potential energy due to the internal forces (in particular this last is related 
to the matrices C*, C~*), while the second term takes into account he potential energy due to 
the external force. 
We can state for the free vibrating string the following. 
THEOREM 1. The total energy defined by (16), of the discrete solution of system (10), with A, B 
defined by (8) and Cn = C~, is conserved. 
PROOF. From (10) we have 
-Cnyk+ 1 -- mAtvk+ 1 = Cny k - mAtv  k + rnge_, 
1 1 1 1 (23) 
Adding the four equations obtained by multiplying in (23) the first equation once by y~- and 
once by --y_kT+l and the second equation once by -mv_~ and once by rnv~+l, respectively, we 
obtain 
T C rn  T m T 
Yk+l nY--k+l "~ -2Vk'klV-'k-bl -[- mgy:+xe- = y--kT Cny  k .~_ .~Vk V_.k .~_ mgy~T e_, (24) 
that is, from (17), 
Es,k+l = I 
For the discrete free vibrating rod, we can state the following. 
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THEOREM 2. The total energy defined by (20), of the discrete solution of system (10), with A, B 
defined by (8) and Cn = C~ + C~*, is conserved. 
The proof is analogous to the one of Theorem 1 and is omitted. 
REMARK 1. We remark that the proof of Theorem 1is quite general and may be applied in order 
to prove the energy conservation theorem for every discrete scheme of the form (10) whenever 
the matrix Ca is symmetric positive definite. 
As a curiosity, we are going to see that in the very simple case in which Cn is a positive constant 
the proof still holds. Following [2, p. 44], we can consider the motion of a harmonic oscillator for 
which 
F : -ay .  
The motion is described, with obvious meaning of the notation, 
O~ m oL m 
- -~Yk~- I  -- - -~Vk-H ~--- ~Yk  -- -~Vk ,  
1 1 1 1 
~Yk+l  -{- ~Vk+l -~" --'-~Yk -- ~)k, 
(25) 
which may be written in the matrix form (I0), where Cn = a/2, _w = _0, and the energy conser- 
vation theorem follows immediately from the previous considerations. 
3.2. Stabi l i ty Theorem 
In [1], the following lemma has been proved. 
LEMMA 3. Let be Cn a symmetric definite positive matrix of order n, and A and B two matrices 
of order 2n defined by: 
-c.  -.z. ] [ c. (26) 
A = -#I .  7I. J ' B = -E l .  -71,, J ' 
with ~, ~ E R +, ~ nonnegative, and In the identity matrix of order n, then the eigenvalues of the 
pencil problem 
A_~ = AB_~ (27) 
are all complex and on the unit circle. 
By virtue of Lemma 3, being the matrix C, defined by (9) or by (13) symmetric and positive 
definite, we can state the following stability theorem. 
THEOREM 4. The ditFerence system (10) with A and B defined by (8) and C, defined by (9) or 
by (13) is unconditionally stable. 
4. SOME NUMERICAL  S IMULAT IONS 
In order to test the discrete model proposed in Section 2, we have carried out many numerical 
simulations both for the string and for the rod. Always the results obtained agree with the theory 
developed in Section 3, in particular, for every choice of At, the total energy is always conserved 
within the machine precision and the used method is always table. We present here, only some 
results and graphics concerning three particular examples. 
EXAMPLE 1. We have considered a string of length L = lm, circular section with diameter 
I mm, density 7.8 Kg/dm 3, To = 21r. We have taken n = 80 and assumed the string at time t = 0 
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Figure 2. Position. 
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Figure 3. Velocity. 
to be in a horizontal position at 10 dm from the floor. As external force, we have considered the 
gravity (g --- 9.81). 
In Figures 2 and 3, one can see in the ty plane the positions and the velocities of the particles P~, 
obtained with At ---- 0.01, for 0 < t < 10sec. From Figure 3, one can observe that the velocity 
v,=(t) of the particle Pn is a piecewise periodic linear function with slope :t=a ~ 0, while the 
velocity v~(t) of the particle P~, i -- 1, 2 , . . . ,  n - 1 is a periodic piecewise linear function with the 
same slope a where it is not constant. Consequently, the displacement y~(t) of particle P~ is a 
piecewise periodic quadratic function. Moreover, being the first point P0 fixed (vo(t) = 0), the 
length of the interval where v~(t) is constant decreases as i increases. 
We can remark that the piecewise linear (or constant) behaviour of the velocity is well deter- 
mined in the first period while, due to roundoff errors, it is less regular in the following periods. In 
any case, we have verified that, also after a large number of periods, these errors do not increase. 
48 M. FRONTINI AND L. GOTUSSO 
- - v . v ,  
0 1~ 200 3~ 400 5~ 600 7~ 800 900 1000 
0.01 
0.008 ~ 
0.006 
0.004 
0.002 
0 
-0.002 
-0.004 
-0.006 
-0.008 
-0.01 
Figure 4. Configurations. 
i i i i 
1 2 3 4 5 6 7 8 9 10 
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In Figure 4, we can see in the xy plane the configurations of the string at the times tk -- kl0At, 
k = 1,2, . . . ,100.  
EXAMPLE 2. With the same assumptions of Example 1, we have supposed at time to the string 
to lie down on the straight line of equation y = O.Olx/L and we have neglected the gravity. 
In Figures 5 and 6, one can see in the ty plane the positions and the velocities of the particles Pi, 
i = 20,40,60,80, obtained with At = 0.01, for 0 < t < 10ms. From Figure 6, we see that in 
this case the velocity vn(t) of the particle Pn is a piecewise periodic constant function (like the 
step function, even if the graph is not as smooth as it is natural, being v~(t) a discontinuous 
function), while the velocity vi(t) of the particle Pi, i = 1, 2 , . . . ,  n - 1 is a periodic piecewise 
constant function with values :t=a or 0 and the length of the intervals where vi(t) is null decreases 
as i increases. Consequently, the displacement yn(t) of particle Pn is a piecewise periodic linear 
function with slope ±a, while the displacement yi(t) of the particle P~, i = 1, 2 , . . . ,  n - 1 is a 
piecewise periodic linear function with slope ±a or 0. 
0.02 
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Figure 7. Configurations. 
EXAMPLE 3. We have considered a rod of length L = 1 m, circular section with diameter 20 mm, 
density 7.8Kg/dm 3, To = 0. We have taken n = 80 and assumed the rod at time t = 0 to be in 
a horizontal position at 10 dm from the floor. As external force, we have considered the gravity 
(g = 9.81). 
In Figure 7, we can see in the xy plane the configurations of the rod at the times tk = klOAt, 
k = 1,2, . . .  ,100 obtained with At = 0.01. A comparison between Figures 7 and 4 shows the 
different behavior of the discrete string and the discrete rod, when the "internal forces" are 
simulated by (3) and (4), respectively. 
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